Module 7 Lebesgue measure on R"

7.1 Lebesgue measure in R"” [Fol 2.6]

4> H: Lebesgue measure in R"™ [t
o regularity
o behavior under affine transformation

o behavior under diffeomorphism

7.1.1 Lebesgue measure in R"

X f2 product measure 5z H UL R FH A1

(R™, L™, m) Lebesgue measure is completion of (R™, Brn, m|porer)-

where Brn = B ® -+ @ Bg L\ = {Leb meas sets} D Brn Write:

from

Theorem 7.1 (Fubini-Tonelli for m™)

Suppose f € LT (R™) or LY(R")

/fdm":/---/f(:rl,---,J;n)dml---dwn (7.1)

:/.../f(xl,...,xn)dgjn...dxl (7.2)

Example 7.1 Show:

[e%S) 102
1
/ e (z) dr = ~log(1 + 4s7%)
0 4
for s > 0, by integrating e ~** sin 22y = f(z,y) over the rectangle = € (0,00),y € (0, 1).
Sketch: f € L' (since it is ctn on R) DA Kz
’f’ < e—sx’ /e—s:c < 00
R
AT 1
1
/ sin2zy dy = — sin’
0 2z
If] J& compute
1
/ e % sin 2zy dy
0

by integration by part for twice.
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7.1.2 regularities of Lebesgue measure in R"

Theorem 7.2 (regularities of £™)

IfEC L NA:

o outer regularity:

m(E) = inf{m(U) | U open D E}

o inner regularity:
m(E) = sup{m(K) | K compact C E}

o if m(E) < oo, MXFFALE € > 0, HRAFAE disjoint rectangles Ry, - - - Ry with sides that are open
intervals (literally rectangles) s.t.
m(EA| JR;) < e
! v

Proof for (a,b) i.e. regularities:

Fix € > 0. By construction, {77 finite disjoint union of rectangle 7; for each j, fifif5
o0 o0
E C U T; and Zm(T]) <m(E)+e
j=1 j=1
By outer regularity of m!, 7£4£ U; O T open rect s.t. m(U;) < m(T}) + €/27 Then:
=1

EcU:= U Uj and m(U) < Zm(Uj)
Jj=1 J

Construct K as in dim 1 (DIY) < m(FE) + 2e.

(E% Pf A, 395 Z&ic, L)

Proof for (c¢):

Notation as above.

m(E) <oo = m(U) <oo = m(U;) <oo VYj
Sides of U are disjoint union of ctbly many open finite intervals.
PRI i A4 open rectangle V; C U; for each j that are finite disjoint union of finite open intervals s.t.
m(U; \ Vj) < ¢/
Now pick Ry, -+, Ry from honest rectangles (Rl sides #fi2 intervals %] rectangle) insides V; (DIY). (5¢%&
Pf 1] I, 395 2L, L)

Corollary 7.1

For f € L*(m),if f € L'(m) and € > 0 then
o XFTAERE € > 0, MAFTE 6 = 3111 ¢jXR, St

[16=f1dm <

H.rp each ¢; € C, R; ;& rectangles with sides as finite open intervals.
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o 1E1E ¢ € CO(R") s.t.
17 -6ldm <

Proof  Similar to 1 dim case, 7] PATIER] {all step functions}, CO(R™) & dense subspace of L'(m).

7.1.3 approximating an open set ¥/ C R" by countable disjoint interior cubes

Tk € Z, % Qy. be the collection of cubes whose side length is o L H. vertices 7F lattice (27*7Z)™ rf, Hiks
AN 5r MRS HI TR cubes.

|
B A

|
7 %

A&V

N L/

X E C R, 3ATE X
AE k) = J{Qe9Q:QcE}, AEk):=[{QeQ:QnE+a}
B, — R STE B P ira s T, ~/\E'Bz/J\E’J§* E E’Jﬁﬁﬁ*ﬁ? HE XL
= | JAE, k), AE U

DA
By CFB, CFA %55 13%]:

Note: % H 4 A(E, k), A(E, k), A(E), A(E) #}Z union of cubes with disjoint interiors.

Lemma 7.1 (approximate an open set by disjoint interior cubes)
Let £ C R" be open.
Claim: £ = A(FE)

Proof Folland 2.43.

E C R" j& Lebesuge measurable [{] <= R(E) = (FE) v

7.1.4 behavior under affine transformation

Affine transformation H[I linear transformation + translation.
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7.1.5 Lebesgue measure and integral is invariant under translation
X1 a € R", —A> translation t : R" — R", 2 — x + a +& ctn fJ73f H.
tl=t,

Theorem 7.3 (Lebesgue measure and integral is invariant under translation)

(a) f£ L a € R”,

Ec " = t,(E)e L and m(ta(E)) =m(E)

(b) if f : R™ — C is Leb measurable, then so is f o t,.
More, if f € LT or f € L', then fot, € L' 3+ H.

[trotdm= [ fam :

Remark 22411 measure DA f measurable function [}JFH /3 4F translation "N A4S,

Proof (Folland 2.42)

(a) ty ctn = t,(Brn) C Bgn, AT ta(Brn) = Bre E rectangle, so E = E; X --- x E,, each in Br
m(E) = [ m(Eo), ta(E) = H%(E-) B

Hm al z Hm )

BY HK uniqueness, get
m(ty(E)) = m(E) VE € Bgn
if N C R"™ subnull set, so is ¢, (V). [HT]
m(ta(E)) =m(E) VEeL"
(b) Pick B € Bc = f~4(B) e L Wi f~Y(B)=EUN, E € Bgn, N null set [Hfj

(fota)H(B) =t (f71(B)) (7.3)
=t }(B)Ut, ' (N) (one Borel, one null) (7.4)
=t_o(f7(B)) (7.5)

M f = yp B, B14) reduce to measure, HJJ (a); K1
/(fota) dm:/fdm
also holds for simple f, by linearity.

M by def, 11, hold for f € Lt il f € L.

7.1.6 Lebesgue measure and integration is scaled | det 7’| under linear map

Theorem 7.4 (Lebesgue measure and integration is scaled | det 7’| by linear map)
ForT € GL(n,R) (Hl linear map 7" : R™ — R™ HAJ#) (a) 414 f : R™ — C is Lebesgue measurable,
then sois foT.
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Moreover if f € Lt or f € L', then foT € LT, f o T € L' respectively. And
/fdm: |detT]/fonm

(b)
Eeflf" = T(E)eL" and m(T(FE)) =|detT|m(E)

Note: X}F 7,5 € GL(n,R), {5

/f detT|/foT and /f:|det5’/foS
/f:|det(ToS)|/fo(ToS)(x)

which trivially follows from computation. (and det(S o T') = det S x det T for any linear map S, T".)

, A2

recall that:

{E£Z invertible linear map AJ A #3545 4 finite /> elementary linear maps. ( 7}: scale —47; T: A&
AT T3: —F7I0_E 5 —17RAEED.

T2, Fe 1 H 754 prove the theorem for elementary linear maps 5t 7] PA . Tfi] elementary linear maps 1 cases
| easily follows from Fubini-Toneilli.

Let f be Borel measurable.

XFT To: AZHeAT (H det 2y -1), Fe{ 12 2F the order of integration for two coordinates, [A|]fij integration A~
2,

XFF T scale —47 by const ¢ (H: det 4 ¢), FATLE—> coordinate [ FHAMEH ¢ £, AR MER] ¢
fi5. X HLAF| T R — R ) Lebesgue integral [ 2L UERA 4518

[rwya=id [ f‘(ct) dt

XTF Ts: —4700 EA—Fre9 6540 (L det 2 1), FA{/] recall R — R ) Lebesgue integral [ translation

invariance:
/f(t+a) dt = /f(t) dt
PRI T R AR AR (EANE .

MIMEKATERRT (a) for Borel measurable f.

MM, (b) for Borel set E trivially follows from (a), by taking indicator function.

M} (b) i) E Lebesgue measurable case, £ = B U N for some Borel set B DA} subnull set N, M fij
m(E) = m(B).

M1 (b) proved.

1M (a) #%) f Lebesugue measurable [ case, by def reduces to f = yp where F is Lebesgue measurable set,
T follows from the (b).
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7.1.7 Lebesgue measure is invariant under rotation (and reflection)

Corollary 7.3 (Lebesgue measure is invariant under rotation)

XFF rotation Fil reflection (Hl orthogonal transformation), B} TT* = I, i) linear map T,

m(T(E)) = m(E). .

Proof TT* =1, = |det(T)|=1.

Remark A € GL(n,R) “J—> orthogonal transformation (R 5{E A € O(n)) i€ XS&E preserve norm.
FAVEHE, A € O(n) M HALY A* = A~

H WA IL: rotation (det A = 1) Al reflection (det A = —1).

7.2 Change of Variable Thm on R"[Fol 2.6, finished]

7.2.1 COV

Theorem 7.5 (general change of variable theorem)

Suppose 2 C R” open, G :  — R" 2h—4> C' diffeomorphism.
Claim:

(@) TR f: G(Q) — C /2 Lebesgue measurable 1, ] foG : Q — C {3/2 Lebesgue measurable

(. I H, W3 f € LY(G(Q), m) 53 f € f € LHG(Q), m), WA
/ fdmz/(foG)|detDG|dm
G(Q) Q
(b) Wk E C Q J& Lebesgue measurable set, Il G(E) #5/& Lebesgue measurable set, Jf H.
m(G(FE)) = / | det DG| dm
E

Q

Proof 4, BT _E—A lecture H 4/ MIERH, HE53E prove for Borel measurable functions #1 Borel
sets LA DA T . FoAT 143 TR .
Step 1: FATEHSEIERA, &£ £ A— closed cube FYfERT FATEZ M Q RERE), H
m(G(Q)) < / | det DG(x)| dz
Q
Proof of Step 1:
Q={z:|lz - allsup < h}
By MVT 7,158, X THEEM » € Q, A:
|G(z) — G(a)|lsup < I+ (supyeql[DG(Y)]|sup)
(by bounding each entry.)
M, FeiT& I G(Q) 2 contained in — MR h - supycl| DG (y)||sup B cube H.
NIIEER
m(G(Q)) < (supycql|[DG(Y)[)"m(Q)
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1E invertible T fAVEH T, T~ o G 159K 2 diffeomorphism, M Jfii

m(G(Q)) = |det T|m(T~1(G(Q))) (7.6)

< |det T|(sup,eql| T~ DG (y)|)"m(Q) (7.7)
Lete > 0.
T DG & continuous ), DG (z) "' DG(y) 4.2 ctn [ (MM uni.ctn. in the compact cube), Ff %} T4%
e > 0 R DASRE] —A 6 > 0 i3 X THERER v, 2 € @ st ||y — 2[lsup < 0, #RA
IDG() ' DG(y)]| <1+ ¢

FRRIATATAIE Q )43 1% interior disjoint [¥) closed subcubes Q1, - -+ , Qn, FRiCHEA LK 21, - 2N,
HAFAH) side length FLE LK 6, MITH G(Q) C UjV:1 m(G(Q;)). T72

N
m(G(Q) < D m(G(Q))) (78)
=1
]N
< Z | det DG(z;)| (supyer HDG(%)ADG(Q”’sup)nm(Qj) (7.9)
=1
j N
< (146> |det DG(x;)|m(Q;) (7.10)
j=1
— (14 ¢€)|det DG(z)|m(Q) as d—0 (7.11)
— |det DG(x)| m(Q) :/ |det DG(z)| dm as €—0 (7.12)
Q

UERA TiX—£538, FAT5E A T IX A proof HY—A2p.

Step 2: Prove
m(G(U)) < / | det DG(z)| dm
U

for open U [¥] case.
Proof of Step 2: Directly follows from _|=— lecture [{JiX | statement: {1: % open E C R"™ /& countable

disjoint interior cubes [ union.

Step 3: Prove
m(G(E)) < / | det DG()| dm
E

for E Borel 1] case.
Proof of Step 3: Apply step 2 4518, {#i ] MCT for L™ case, {#i[f] DCT for L' case. Z it T 1528 T (b)
FAITERA A —N T T, F AT RASE A (a) BN 48 X —AN 7 1)

Step 4: JFA
/ fdmg/foG|detDG(:c)|dm
G(©Q) Q

simple function [1}] case reduces to measure, |fii L™ ¥ case follows from MCT.



7.2 Change of Variable Thm on R"[Fol 2.6, finished]

Step 5: AN —J7 ) HELR B, Ky diffeomorphism {) inverse /38K & diffeomorphism, fffPA
apply inverse AJ 1.

W, X HJZ for Borel E 1 L™ Borel measurable f, AN 3 A 145 25 #E5: ) Lebesgue measurable E 1]
THULRL f € LT (m) W0, I FHEE S f e LT (m) B

Remark XAMIEH G4 R . 17345 I Folland 2.47.

(ER KRR PR AR LB (AT 2. o LU R MER 2 Step 1 Hrf45Fl error bounds. AR JFRA.

7.2.2 application of COV: polar coordinate

Def 7.2 (mapping from Euclidean coord to polar coord)

e X
$:R™\ {0} — (0,00) x §"*
by:
z— (reR,0eS*¥)
ﬁ\:l:':"
& n—1
r= "7:‘7 0= ﬂ es
: &
X ME B A AL bR AR e, Bl—> diffeomorphism.
Def 7.3 (a Borel measure on (0, 00) x S"~1)
e X
m.(E) :=m(®"(E)) .

XAl AR BRAE Y preimage [t Borel measure 5E S Borel measure.

Theorem 7.6

Define Borel measure p on (0, co) by:

p(E) = / L dr
E
F7#1E unique 1) Borel measure 0,1 on S"~!, {i#5 for Borel measurable f : R® — C H. f > 0 or

feL'(m),f

f( ) dm “2” / £(r6) dm., (7.13)
(0,00)x Sn—1
B / / £(r6) do dp (7.14)
Sn— 1
:/ r”_1/ f(r0) do dr (7.15)
0 Sn—1 Q

Proof Ij, Folland 2.49.
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% B S™~1 1% unique measure o i1 AR 2

U(E):n'm<‘1>_1(((),1) ><E)> =n-m{r|0<r<1,0¢c E}

AR Ty E:

=

/o’c;) = arclergth
mE),

XH n=2,m(E) RRHWELET, F B TRIBREER, T o(F) ][RR £ /Y arc length.
CEI, 78 n = 3 IUIELL R, m(Er) FoRBAERR, E B R IR, o(F) FR E 78 S hiyekin
THIFR.)
¥ E = 5" BRI N, X4 measure 47 [ E AR
22

o n—1y _
R NE

~—

Example 7.2 0(S!) = 27, 0(S?) = 4.
Example 7.3 fifi f] polar coordinate 113&.FH

—alz> 7. — ("%

AE -
I, = 27T/ re= @ dr ="
0 a
M T .
6—a|cz:|2 _ H e—am?
j=1
32
In = (I)"
R il

L=1% thusl = ()3
a
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